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1.Introduction.
A differential holomorphic anywhere on the closedcer®annian surface is called an Abelian
differential of the first kind. The Abelian differesis generate a vector space . The complex
dimension of the space is equal to the genus of thecsurfhe Abelian differentials has been
discussed in [1,2]. In particular it is known the theordmxistence. But the explicit form of
the Abelian differentials is known only in some partar cases [1-6]. The Riemann boundary
value problem on closed Riemannian surfaces has lbéderdsn [5] in terms of the Abelian
differentials. That is why construction of the feliéntials allows us to write solution of
the Riemann problem in closed form.

In this paper the Abelian differentials of thstfikind have been constructed on Riemannian
surface represented in the form Mfcopies of the one-point compactified complex plane
without discs. Circumferences are identified in prescrilbule. As an example a double of
multiply connected domain refers to such surfaces. Eadgtipty connected domain can be
mapped conformally to circular domain [7]. Hence, if tbabhformal mapping is known, then
the Abelian differentials of double of the origin domare known too.

In order to construct the Abelian differentiale use the Poincaré,-series for a Kleinian

group. Moreover, functional equations for analytic funwio[9] and R-linear boundary
value problem [10] are used. One can consider an Abeliareditial as a solution of the
simplest Riemann boundary value problem on a Riemasnidace. The last general problem

on double of a multiply connected domain has been saivgd ].
Let us conside numerated copies of the one-point compactified congéme C . Let

D,:= {z 0C,[z-a < rk} (k=12,...n) be mutually disjoint discs. Let for eathmberk it is

possible to indicate two numbergk) andq(k) of the copies ofC containing the disc with



the numberk. Everywhere in the paper we shall denotd bgnd q numbers of sheets

corresponding to the numblerMoreover, we assume tHais odd andj is even numbers. For
eachl -th sheet exists the sgt of the numbers of discs belonging to théh copy ofC. Let

us consider the multiply connected circular domain

G:= {pointsof the| — th sheet, not belonging to UD_m}

o,
Let us identify the boundaries of all domai§ and G, along the circumferences
o‘Dk::{tDC,|t—ak|:rk} oriented in the positive direction. For each bam of
circumferencek only two domainsG, and G, corresponding tk are identified. Let us

suppose that after this procedure we get a clogemidRnian surfac®. On each sheet with

odd number we introduce the local coordinaten the sheet with even number 2. Then

the Riemannian surfade is oriented.

Fig.1. An example of the Rimannian surface in goast
Letdw be an Abelian differential of the first kind &1 Let us denote

dw = dw,(2), zbelongsto the p - th sheet, pisodd,

dw = dwp(i), zbelongsto the p —th sheet, piseven,

p=1, 2,...N. The section ofiw on thep-th sheet can be written in the form



dw,(2) = dg (2) + n%: Abmzfl—zam , pis odd,

dwp(i) =dg (2 + n%: Abmzfl—zam’ pis even. (1.1)

Here the functionp ,(2) is analytic and single-valued @, ,
27iA, = [dw,,p=1,2,..N
D,
is a period ofdw, along dD, . The condition of analytic continuation @ throughoD, (|
andq correspond t&) has the form
dw(t) = dw,(t), [t-a/=r, k=1,2..n (1.2)

Let us fix the branch of the functidn(z— ak) in such a way that whole cut connecting the

_ n__ N
points z=a, andz=co lies in the domairDU D, , whereD:=C - JD, =(G,,.
s=1 m=1
Integrating (1.2) and applying (1.1), we obtain
#.(t) = 44(6) = fic(t) + fult), [t-ad=rc., (1.3)

where

fu(t):= > A,Int-a,)+b,, fo(ty= > An,n(t-a,), k=1,2..n.

mil 2k mil 2k

Here Z ;Z with m# k, b, is a constant . One can consider the equality @s3he

mil 2k mol

simplest boundary value problem Br{5]. Calculate the period

From other hand

Then



A=A . k=1,2,.n. 41

The sum of the residues dW, at infinity is equal to zero. Hence,

%“Abm =0 ,p=1,2..N. (1.5)

2.Reducing the problem (1.3) to a system of functional equations
According to scheme of [8, 11] let us rewrite thelgem (1.3) in the form of a vector-matrix

R-linear boundary value problem

O(t) =, (t) +Q @, (t) - F(t), t-al=r.k=1,2..n, (2.1)
where
e 402
o)=| . | o3
402 $ul?)

The uknown vector-function®(z) and ®,(z) are analytic inD and D, respectively and

continuously ~differentiable irD,D,. The known vector-functiorF, (t) has thel-th
coordinate f,(t), theg-th - of f,(t), the rest coordinates are equal to zero. The xnqyi

has the dimensioN x N and consists of zeros except the coordindigsdnd €,1), with 1. As
above the numbetsandq correspond to the number of circumferekce
Let us show the equivalence of the probler8)(and (2.1). Let us fix the number of

circumferencek. If ®(2), ®,(2) satisfy (2.1), then
¢s(t) = ¢sk(t)’
for s#1 andq, i.e. ¢ (t) is analytically continuied t@&. Fors = |

ands = q we have the relations

81(t) = 91 (t) + () - (1) Ba(t) = Paclt) + 2u(t) - fuclt). ft-al=ri.



Therefore, the equality (1.3) holds. Conversly, &g(z) satisfy (1.3). Then the functions
¢,k(z) are restored up to an additive complex comnstam two Schwarz problems for the
disc|z-a |<r, [12]:

ReP, (1) + B (t)] = RES () + Fuc(0)]  1m[ @1 () = B (1)] = 1m[ 8, (1) + ()] ft—a] =1

It is easily to check, that these functions saii&fy).

Let us reduce the problem (2.1) to a systd#nfunctional equations. Let us introduce the

vector-function

Q(2):=o,(2) - Zn:QmWZ;)—Fk(z), lz-a|<r, k=1,2,..n,

m=1#k

Here Z ;Z with m# k, z,:=r? /(z—am) +a,, is the inversion with respect to

m=12k mE1

the circumferenc¢ - ak| =r,. Let us show tha®(2z) is analytic inC. We have

Q' (1) -Q (1) = @,(t) + F(t) - ®(t) ~Q. (1) =0, [t=a]=r,.

Taking into account the principle of analytic tinnation and the Liouville theorem we have

wherew is a fixed point belonging t® —{oo} . From the definition 0€(2) in D, we obtain

the following relations

] Q. P, (Wk)+F() ®(w), [z-a|<r, k=1,2,...n

m=1¢k [
(2.2)
These relations constitute a systenmafN linear scalar functional equations for unknown

vector-functionstbk(z) (k = 1, 2,...,n), which are analytic inD, and are continuously



differentiable inD, . Introduce new notations for the most importanhiponents of ®, (2).
Let
v ()=4u(2). @(2=0q4(2. [z-a]<r.
Remark. Further we shall write onerelation on ¢, (z) and w, (2) instead of two
ones.
The auxiliary functionsp,, (s#1and q) are represented ly, (2) and w,(2) in

(2.2). Thel-th component of (2.2) for eagttakes the form

v (9= > [a)m(w;)—a)m(w;)] —a)k(V\ik)+ fi(2) + 0, (W), [z-a|<r.k=1,2,.n (2.3)

ol £k
We keep in our mind in (2.3) the analogous relatiomheny, (z) and w,(2), | andq are
changed by places. The relations (2.3) can be deresi as a system ofi calar functional

equations with respect ton 2unknown functionsy, (z) and w,(z). The system (2.2) and

(2.3) are equivalent. From the definition(®fz) we have the relations

3(3= 3 [0nvi) -, (w)

mil,

+¢,(w), zOG,.

According to (1.1) we need only the derivative
2.2)=3 [ww)]. 206 (2.4)
i,
to calculate the differentials.
3.Solution of the system of functional equations.

Let us prove convergence of the successive appatwimmethod for the system (2.3). We

shall use some auxiliary assertions.



n
Consider the Banach spaCeconsisting of functions continuous anJo‘Dk . The norm
k=1

T

12
Ws(t)\z} , Where W=(¥,¥,,...W,) . Introduce the subspace

N
V= max f;;?{;
C* O C, which consists of vector-functions analytic ih @] . Differentiate the system (2.3)

- YQ4] (@) + R (@) f-alsn. CEY

T, 2k
Rewrite the last system in the form of equation
W(2) = A¥(2) + F (2) (3.2)
in the spacec* , where the operatdx is defined by the right-hand part of the syster)(3
W(2:=W (2. F(2:=F(2),whenlz-a|<r; W ,F OC".
Lemma 1. [8]. The equation (3.2) isa Fredholm equationin C*
L emma 2. The homogeneous equation (3.2) (F'(z) = 0) has zero solution only.

Proof Letus consider the differentiated homogeneorssem (2.3) corresponding to

homogeneous equation (3.2)
[zk][a) ] lz-a|<r,. (3.3)
ml, ¢k

As ealier we write only one equation. If the sys{@3) has only trivial solution, then
homogeneous equation (3.2) has only trivikltgm too.

Integrating the system (3.3) we obtain

> [nlw)
mil, #k

wherey,, is a constant of integration. ¢, and ¢, is a solution of the last system , then the

Vo |Z ak|<rk’

functions

satisfy the conditions



¢ (1) =4 (0) + 0 (t) +vie, @ (t) =2a(t) + & () +vae. [t-af=r.
Hence, the functiong, (t) and ¢,(t)are related by equalities
(1) = 84(t) + Vo~ Vi t-af=r,.
Differetiating this relation we have
dg,(t) =dg,(t), [t-al=r,.
The last relations define an Abelian differentibttee fist kind on the surfade. But the
functions ¢, (t) are single-valued i, . Therefore, if we assume thab, are canonical

sections oR, then the period

[dg\(z)dz=0, kDI,

And we immeadetly obtain, that, () is a constant. Thew, (2)is a constant too, and
w,(2)=0.
The lemma is proved.

Let us consider tHe-linear boundary value problem
o(t) =d, () - 1Q P () - yi, [t-af=r,  k=1,2,..n, (3.4)
where the unknown vector-functiod®(z), @, (2) are analytic inD, D, respectively and are
continuously differentiable iD, D, . HereA is a constanty, is a constant vector.

Lemma 3. The problem (3.4) for |/1| <1 has constant solutions only.

P roof. We shall use the idea of Boja[$Rj. Let us put

U(2:=9(2), zOD, U(2:=,(2 -1Q P, (2) -y, zOD,.

Then the vector-functiobl(z) is a solution of the following partial diffential equation

U.+QU,=0, zOC-|JD,, (3.5)
k=1



whereQ=0, z0OD, Q=AQ,, z0OD,. Letus check that the system (3.5) is ellipfitie

determinator of that system is

A:de(I_Q |+QJ¢0 = A= detM # 0 where M::(I _Q).
l-Q -1-Q -Q |

Here the second matrM is obtained from the first by summation anduan of columns.

We haveA, # 0, because
-1 -1
L[ (@) Q-
M™ = o1 A |
qr-@) (1-Q)
exists. It can be verified by direct calculation MM ™. Let us show the existence of

(I —QZ)_l. The matrix(l —QZ) is equal tol except thd-th and theg-th elements for
zOD,, which equal to * #. The inequality|A|<1 implies that the matri>(| —QZ) is

diagonal and inversable. So we have proved, 88) (s elliptic. The conditiotd " =U " is
valid on ¢D,, moreover,U* DLZ(o"Dk). Hence, (3.5) holds i€. Taking into account the
general Liouville theorem we have the equdlity= const. Therefore, the problem (3.4) for
|/1| <1 has constant solutions only.

The lemma is proved.

Lemma 4. The equation (3.2) has one and only one solution in C*. This solution can be

found by the method of successive approximations in C*.

Proof. Letusrewrite the system (3.1)ay inthe form of integral equations

W (71, .
rmﬁin) +R (1), t-al=r.

m

%)== [t] Qg |

It can be written as the equationGn

W(t) = AP()+ F (1) 3.6)



The integral operator is compact@ The operator of multiplication on the mat[b_*g]] Q,

and the operator of complex conjugation are bouma€l Hence A is a compact operator in
C. The Cauchy integral property implies'4 is a solution of (3.2) irC, then W OC".
Therefore, the equation (3.2)@and the equation (3.6) I8 are equivalent whef OC”.

It follows from Lemma 2 that the homogeneous equa’ = AW has only zero solution.
Then the Fredholm theorem implies that the syst&®) (or the system (3.1) has the unique
solution.

Let us demonstrate convergence of thehode of successive approximations. It is
sufficient to prove the inequalitg(A) < 1, wherep(A) is the spectral radius @& The
compact operator A has a spectrum consistinggehealues [13]. The inequalifA) < 1 is
observed iff there exists a complex numbeuch that|/l| <1 and the equation

W(t) = AAW(t)

has zero solution only. The equation can be writighe form
W, (2) = —AZQm[X] Wm(z;), lz-a<r,. (3.7)
mzk
Let |/1| <1. Then, we introduce the vector-function
Q3 =-1 Y.Q[z] w.(z)
m=0
which is analytic inD . From (3.7) we have
Qt) =W ()-1> [ﬂ] QW (t) [t-a/=r.
m=0

By integrating the relations we obtain the follogviR-linear boundary value problem

O(t) =, (t) - AQ D, (t) +y,, [t-a=r,.



Here ®'(2) =Q(2), ®,(2)=W.(2z), y. are arbitrary constant vectors. It follows from

Lemma 3 that th&-linear boundary value problem has constant soigtonly. Then

Let |/1| =1. Then, by changing the varialate= JAZ we reduce the system (3.7) to the
same system with = 1, wherea, = 1A and Q,(Z):= ¥,(2). It follows from Lemma 3 that
Q,(2) = w,(2) =0. Hencep(A) < 1.

This inequality proves the lemma.

Introduce the mappings

Z;mkm—r--kl: = (Z;m—l---kl)km ’
There are no equal neighbor numbers in the sequenks ... k. Whemm s even we have

Moebius transformations an If m is odd we have transformations on

Theorem 1. The system of functional equations

(2. |z-a]<r., k=12,. (3.8)

= 2 [#][ealvi)

has the unique solution

v (2="fu(@+ X

k.0, 2k

I+ Z [ Iy A 2k1]

klm 2k kollgk,

foakl(z'zl)

Z Z Z [ q3k3(zk§<2k1)]l |Z ak|<rk

kOl 2k koOlg#k, kgl 2k,
The proof follows from Lemma 4. Because the equalg.8) is thd-th coordinate of
the vector equality (3.1) for fixekl
The theorem is proved.

Remark. The convergencein C* means the uniform convergence.

From (2.4) we have



0.()= X[w. ()] = X[teull]

ko, koI,

+ Z [ Ik | & 1k0]

kODI‘ k.0l 2k

(3.9)

IS Z[f%(zi&kl)]'t.., z0G,.

KO, kOzk  kyOlgzk,

The formula

follows from the definitions off,,. So we have the final

Theorem 2. All Abelians differentials of the first kind on the Riemannian surface R
have the form (1.1), (3.9), where the constants A, are related by (1.4), (1.5).

Let us study the number of the constams corresponding to linear independent
differentials (1.1). According to the general dhe [1,2] that number is equal to the genius
p(R). Let us consider the surfac@ homeomorphic td&R, when instead of the discs we have
cuts gluied in the same rule. étbe a branch index @ [2]. It is easily seen, thatl = 2n,
where 21 is the number of ends of the cuts, 1 is theleorof branching. The following
formula

V=2N+p(Q)-1)
holds [2]. Therp(R) = p(Q) =n - N + 1. The number of constan®_ is equal to . After
(1.4) that number reduces am Hence, fromN relations (1.5) we can choosd { 1)

linear independent relations.
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